The self-consistent Kohn-Sham equations for many-electron atoms are solved using the Coulomb wave function Discrete Variable Method (CWDVR). Wigner type functional is used to incorporate correlation functional. The discrete variable method is used for the uniform and optimal spatial grid discretization and solution of the Kohn-Sham equation. The equation is numerically solved using the CWDVR method. First time we have reported the solution of the Kohn-Sham equation on the ground state problem for the many-electronic atoms by the CWDVR method. Our results suggest CWDVR approach shown to be an efficient and precise solution of ground-state energies of atoms. We illustrate that the calculated electronic energies for He, Li, Be, B, C, N and O atoms are in good agreement with other best available values.
Introduction
Numerical approach of many-electron systems is extremely difficult computation. Density functional theory (DFT) [1] [2] is a computational quantum mechanical modeling method used to investigate many-electron systems, in particular atoms, molecules, and the condensed phases [3] [4] . It provides a powerful alternative technique to ab-initio wave function approach, since the electron density ( ) system is. The DFT proves accurate and computationally much less expensive than usual ab-initio wave function methods, such as a Hartree Fock method. However, the majority of the applications are restricted to the ground states. The exchange-correlation energy functional, which is a functional of the total electron density, is not known exactly, and thus approximate exchange-correlation energy functional must be used. Moreover, while the highest-occupied orbital energy corresponds to the negative of the ionization potential for well-behaved potentials vanishing at infinity, energies of other occupied and unoccupied orbitals have no rigorous correspondence to the excitation energies. Nevertheless, it has been shown recently [5] that the unoccupied true Kohn-Sham eigenvalues can also provide good excitation energies which the commonly used approximate density functionals usually do not satisfy. Nevertheless, numerous attempts [3] [6] have been made in this direction over the years; the ensemble density functional method [7] [8] [9] [10] [11] , the method based on partitioning of the wave function, the time-dependent density functional theory (TDDFT) approach [12] [13] [14] [15] . The DFT based upon the Hohenberg-Kohn (HK) energy functional [3] [4] focuses on the solution of exchange-correlation energy and it had been used in many calculations of ground state properties an atomic system. An efficient and accurate grid method for solving the time-dependent Schrödinger equation for an atomic system interacting with an intense laser pulse has been shown by Liang-Y.Peng and A.F. Starace [16] . Instead of the usual finite difference (FD) method, the radial coordinate is discretized using the discrete variable representation (DVR) constructed from Coulomb wave functions. The DVR method has its origin in the transformation method devised by Harris et al. [17] , where it was further developed by Dickinson and Certain [18] . Light et al. [19] first explicitly used the DVR method as a basis representation for quantum problems, where after different types of DVR methods have found wide applications in different fields of physical and chemical problems. The DVR method gives an idea; associated basis functions are localized about discrete values of the coordinate under consideration. The DVR simplifies the evaluation of Hamiltonian matrix elements. The matrix elements of kinetic energy can also be calculated very simply and analytically in most cases [20] . Since the CWDVR method is able to treat the Coulomb singularity naturally, it is suitable for atomic systems [16] . The Kohn-Sham equation is shown to be solved by the Coulomb wave function discrete variable representation method.
To the best of our knowledge, no one reported the solution of the Kohn-Sham equation on the ground state problem for the many-electronic atoms by the CWDVR method. Furthermore, we accurately present the ground state energies of the many-electronic atoms by the CWDVR method.
This paper consists of methodology and results obtained within the CWDVR method. We show that ground state energy values calculated by the present method are in good agreement with other precise theoretical calculations. Finally, we present conclusions. Here, atomic units (a.u.) are used throughout this paper unless otherwise specified.
CWDVR Method
In this section, we first give a brief introduction to the DVR constructed from orthogonal polynomials and Coulomb wave functions, which will be used to solve the Kohn-Sham equation for many-electron atomic systems. The DVR approach basis functions can be constructed from any complete set of orthogonal polynomials, defined in the domain with the corresponding weight function [21] .
It is known that a Gaussian quadrature can also be constructed using nonclassical polynomials. The DVR derived from the Legendre polynomials has been shown by Machtoub and Zhang [22] to provide very precise results for the metastable states of the exotic helium atom. An appropriate quadrature rule for the Coulomb wave function was given by Dunseath et al. [23] with explicit expressions for the weights.
It is known that a Gaussian quadrature can also be constructed using nonclassical polynomials. The DVR derived from the Legendre polynomials has been shown by Machtoub and Zhang [22] to provide very precise results for the metastable states of the exotic helium atom. An appropriate quadrature rule for the Coulomb wave function was given by Dunseath et al. [23] with explicit expressions for the weights. 
here, ( ) ,t ψ r is the single particle Kohn-Sham orbit of N electron atom, 0 H  -atomic Hamiltonian, eff υ is the time dependent effective potential, and charge density depends on the coordinates and time and is given by
However, one can write Equation (1) in imaginary time τ and substitute it τ = − , t being the real time, to obtain a diffusion-type equations:
The Kohn-Sham effective local potential contains both classical and quantum potentials and can be written as:
here; the first term is inter-electronic Coulomb repulsion, the second is the electron-nuclear attraction term, the third is exchange-correlation term, and last term comes from interaction with the external field (in the present case, this interaction is zero). A simple local energy functional form has been applied for the atoms, and the exchange part can be found to be [24] ,
The simple local parameterized Wigner-type correlation energy functional [25] used for ground states:
( ) 
where:
The solution of Equation (1) 
One of the main features of the DVR is that a function ( ) , R t r can be approximated by interpolation through the given grid points: 
where the points ( ) 
The DVR greatly simplifies the evaluation of Hamiltonian matrix elements.
The potential matrix elements involve merely the evaluation of the interaction potential at the DVR grid points, where no integration is needed.
The DVR basis function ( ) j f r is constructed from the cardinal function j g as follows
here the weight j ω is given by [23] :
( )
The second derivative of the cardinal function j g′′ is given, 
In the Equation (15) 
here ij D denotes the symmetrized second derivative of the cardinal function that is given as, (2) is then numerically solved to achieve a self-consistent set of orbitals, using the DVR method. These orbitals are used to construct various Slater determinants arising out of that particular electronic configuration and its energies computed in the usual manner.
A key step in the time propagation of Equation (9) Here the 152 grid points are used for the DVR discretization of the radial coordinates and 0.001 a.u t ∆ = , with 500 iterations is used in the time propagation to achieve convergence.
Results and Discussions
In this section we present results from nonrelativistic electronic structure calcula- [3] . For the Be, B, C and O atoms, the calculated exchange energy is nearly exact, while for He, Li and N, there is an underestimation by 1.05% -1.63%. The calculated exchange energy for He and N gives close results to Amlan J Roy, underestimated about 0.68% -1.05%, the rest atoms are being the worst case. This indicates that the simple local exchange functional in Equation (5) is well accurate, compared to those of Amlan J Roy [26] , which show a closer agreement with Hartree-Fock exchange energies. The "exact" correlation energies are considered for the Li, Be, B, C, N and O atoms in Table 1 due to the comparison with other results. The Wigner-type correlation energy functional likely seems to be sufficiently enough for the systems considered. Compared with Hartree-Fock results for He, Be, C and O atoms, it is nearly exact, otherwise underestimated by about 0.24% -4.94%; the Li, B and N atoms are being the worst case. The calculated correlation energy for He atom is nearly exact to Amlan J Roy, but worse results for other atoms.
We note that the primary purpose of this work is to explore the feasibility of extending the CWDVR to the solution of the Kohn-Sham type differential equation with imaginary time propagation. LDA-type xc energy functional can be easily adopted in the present CWDVR approach. Table 1 shows that the virial theorem is nearly satisfied for all atoms. The calculated kinetic energy term for the O atom is reasonably exact to Hartree-Fock, while for rest atoms there is an underestimation by 1.03% -3.44%.
The results for total energies are given in the same table separately. The results from total energies calculations of the present calculations show a good agreement with the Hartree-Fock results [3] . For the Be, and O atoms, the calculated exchange energy is nearly exact, while for rest atoms there is an underestimation by 1.02% -2.25%. This indicates that the total energy functional is well accurate, compared to those of Amlan J Roy [26] , which show a closer agreement with Hartree-Fock total energies.
Results from the calculations of radial densities of atoms were created images of correspondent plots. Examples of radial density plots are shown in Figure 1 and Figure 2 . In Figure 1 , we report the radial density plots for beryllium. The inset (a) reports the result from the present calculation; the inset (b) shows the Hartree-Fock plot for comparison. Here, the radial density plot shape from our calculation is in good agreement with Hartree-Fock plot [3] . Figure 2 shows the radial density plot for carbon. We note that the radial density of carbon calculated maintain the expected shell structure and closely resemble the Hartree-Fock density, where Hartree-Fock plot is not shown.
Conclusion
In this paper, we present that nonrelativistic ground-state properties of He, Li, 
